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The Dyson Equation

@ Getting back to the idea of the Greens function as a probability
amplitude a propagation process.

@ How does the propagation from r, to r; happen? |




The Dyson Equation

In general the scattering path for an interacting G is given by

G = Go+ Go2rGg + Gp2Gp2Gg + ...
Or, more compactly,

G = Go+ GG

o

@ This equation shows the relationship between the interacting system
G and the non-interacting Gg

Gg, can be approximated from
o DFT

o HF ..

In typical GWOLDA implementations

@ The Dyson equation is not solved in this formulation.

@ lts written in a different form.
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The Dyson Equation can be written as

[—%W Vi VW) + / ¥ (%X BV (x)dx' = E:W;(x)

This is a single-particle equation of motion, known as the quasiparticle
equation

This looks very familiar to KS-DFT,

Its however a non-linear differential equation,
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The Dyson and Quasiparticle equations: Perturbation

1
[—EV2 + Vi + Vet |Vi(x)+ /ZGW(x,x’; E)WV;(x")dx" = E,GW W;(x)

1
[=5V° + Vi + Veu] Wi(x)+ VicVi

@ Laid out this way, the parallels between the Quasipartigie equation
and the KS equation is clear.

@ These are true excitation energies

@ Excitation energies of fictitious states,
v

This similarity makes it a small step to use perturbation theory.

E-GW _ EIKS 4+ <’¢,’|ZGW(EI-GW) . ch‘wi>

I

or as commonly implemented, the linearized solution

ECW = € + Z; (|2 (E[®) — Vie|ys)

I
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Zi = (1= (i =P (E/)|wi))

/: the renomalization factor.

@ This gives the proportion of the spectral weight under the
quasiparticle peak.

Back to The Self Energy

@ Can be decomposed into:

@ The exchange term

@ and the correlation terms:

Y W(w) = iGoW = iGor + iGy(W — v) = £ — ¥°(w)
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The exchange self-energy: >~

5 .
> *(ry, 1, w) = é— / Go(r1, ra,w + w')v(ry, rp)e™ ¥ duw’
T
this the Fock term from HF self-energy, and can be rewritten: )

2 occ
T¥(ry, r2) =< G|y >= — Z/W(fl)%(rz)lﬁf(rz)%(rz)drldrz
j

47T€o

this can be integrated analytically.
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and the correlation self-energy: ¥

- N
>(ry,r,w) = ;—W / Go(r1,ro,w + W )[W(ry,ra,w') — v(ry, rp)]e™ ¥ dw'

Can be re-written as:

occ

Z/wr(rl)wj(@)@bf(rz)lbi(l’z)drldrz

2
e
Zc(rl, I’2) =< @b,-\ZCW,- >= —

47T€0

this can only be computed numerically, this is quite expensive to do.



Implementation
lo]leJele] Jo

Lets rewrite both in the plane wave representation:

the exchange part,

dq 2
=< nk|Z* k >= nm(K; Q5 G) [ oyky
=< ok >= = [ o8 S ok 0. 6

where, pnm(k,q,G) =< nk|ei(q+G'r)|n1k1 >,

and the correlation part: )

Yo (w) =< nk\ZC(rl, ry; w)|nk >

47
— nn k, 7G :n ka 7G/
'Z/ (2w)3GG,\q+G|2p (k. 8, G)pj, (k. 0, G')

X /dw’G,?,k_q(w —wege (g, W)
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The energy integral can be computed once the inverse dielectric function
is known. ¢ follows from the reducible response function Yy,

41

e () = 96G' + e nee (4 )

x is computed within the RPA, for the GW approximation,

4 _
XGG/(q7w) — [5GG, o |q e G‘2 X%G”(qaw)] 1X(();”G’(q7w)'

and the non-interacting response function X%G//, can be computed from
Go,

XG’/G’ q,w) = 22/2 ( 310n nk qa G)pn nk(q7 G )fnk—q(]- — fn’k)

nn’

1 1

X , ;
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The PPA

Lets take a look at that energy integral,

[ o Ghqfeo = w)egd ()

@ A numerical integration of this would require the inversion of ¢ for
many frequency points.

@ This is something that's expensive,

@ So we typically use the Plasmon Pole Approximation,

In the PPA, ¢! is approximated by a single pole function,
_ ) —1
¢1GG/(a,w) ~ dse' + R/ () | (w — Qor(@) + 107)
(w+ Qge(q) — "0+)_1} :

the residuals Rgg’ and energies {2gg’, are found in turn by imposing a
condition that the PPA reproduces the exact ¢! function at two
frequencies w = 0 and a user defined value, w = iEppa.
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finally, back to the begining, and ready to calculate:

We can now take the Taylor expansion of the SE about the KS energy,

i 1—f
Gilw) ~ Zi L, — ECY +i0+* T = EFY + i0+]
with:
EFV = e° + Z; <¢i|ZGW(EiKS) — ch|¢i>
and

Z; = (L— (| =W (E[) |yi)) T

y

After all this work, what do we get?
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The results, (van Schilfgaarde, 2008)

@ This is a good description for one 1-particle G.

@ We get back accurate quasiparticle energies, corrected band gaps,
lifetime broadening, plasma satellites etc.
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Go Wy results are quite acceptable, any issues?

@ Convergence needs to be perfomed with caution, the typical case is
ZnO, (Phys. Rev. B 84, 039906)

E 2 4 1 ﬁ‘ﬁff:::
o e 4x4x4 with LOs 4
/ without LOs
2.2 1/ fit
shifted fit -
2 i N
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@ Cheat sheet. (to be introduced.)
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