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Mean-Field made exact: the
Hohenberg-Kohn Theorem

bl The Exchange-Correlation
Energy Functional
( @/ 58] aty

P

XC Energy functional (simple) approximations:
pros and cons



The electronic structure problem

N
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GOAL: determine
material properties
directly from
fundamenial equations




Challenge of the electronic structure problem

H|¥) = E|¥)
N

PROBLEM: the time-to-solution of the
Hamiltonian problem scales as the
exponential ot N

CHALLENGE: develop efficient and
accurate methods




Breakdown of the exponential wall
.y

.

Which information is

¥ Can we use the density fo
§ contained in the density?

calculate materials properties?




The Hohenberg-Kohn theorem (1964)
Vezt < [Wg) < ng(T)

l1tol
correspondence

Variational Universality
access

HK density functional



The Hohenberg-Kohn theorem (1964)
W [no]) < (Vo [no] [H|Wo [n0]) = E, [no]

Ground state energy is
a density functional

1tol
conresponden

E, [no] < E, [ny] & E, = min,enE [n] -

Ground state energy is i L
. Variational Universality:
variational access

With this minimum principle we

can develop a compuftational
al) 7" “method fo calculate GS

properties of a system




RECAP: Hartree-Fock
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it W [no]) & (Vg [no] |H|¥q [n0]) = E, [n0]
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. Har tree-Fock (HF) equation



RECAP: Hartree-Fock

Hartree-Fock (HF) equation

S (V= VI on (2) =

m/ X"

Har tree Fock

Kineticpart 5 tential  Potential
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The Kohn-Sham eguation

KS states
/
no(r) = Z [ (F)‘Z KS energies
v |
(Vo () = £ ()
bl S
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KS potential Kohn-Sham (KS) equation



The Exchange-Correlation Potenftial
V= , , ,
Vs (1, 7))9i(T) = €ipi(T)

Va(FY'= Viuy (7) + / i )y
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The Exchange-Correlation Energy functional

Emc[n] — FHK[WJ] — T [n] _ %/dfid??g n|(771)n(7?2)

ﬁ ﬁ

Exchange-Correlation
Functional Ep [n]

U
Vieln)(T) = 5?;;;?/]




The Exchange-Correlation Hole

Exchange-Correlation

/ ok

1 E xTrcC B 9 ro — T
E:cc[n] - 5 /df)ldfzn(rl) (\Tl TQ‘ 7“1/)

‘ | — To ‘ Spatial non-
locality
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0 — J Classical Poisson's

potential (Hartree )
é «—> ‘T) Quantum statistical >
Exchange (Fock)
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Summary so far

.) DFT is an exact ground state (GS) theory

The GS density can be formally rewritten in terms of a gas of
) independent (KS) particles moving in an unknown mean-field

KS potential.

The KS potential is generated by an (still unknown) exchange-
.> correlation functiona.

» The exchange-correlation functional can be defined in terms
"7 of an exchange-correlation hole.
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The marvelous world of ... Approximations

I It Is everything
UNKNOUWN how

do [ finish my PhD
calculations?I?l




Strategies fo approximate the xc functional

Exact expression would require the solution of the Many-Body
.) problem. This can be done only for extremely simple foy
models

Empirical Non-Empirical

— Empirica L
N?Oq A‘ L O? FORMULA ?

my = 782.19 (;":"&;\ = S‘"MU(G{F

mo * ns:.g(ﬁ) =/1¥0.7 mo) O

$CI0mJ N 190.7a¢) O N O
(é]ﬂdhul e?‘lﬂnol 5%

Uses fitting parameters Use exact constrains or

alternative approaches
(ke MBPT)



Jacob’s Ladder: from Earth fo Heaven

EXACT Energy Functional

Approximated Forms

Hartree: no exchange-correlation



The marvelous world of ... Approximations

wB97

PWo2 SAOP
oepw L M81 g o pw91

8 e PBE P
| PBESOI wB9I7X Mcyoggg&vp
PBE - = ﬁng E X Xms 2x  eEven just the next step up Jacob'’s ladder,
Mo6-2x mzsgg = the GGA, has no unique form.

mTPSSh = gt

fevPBE
muPBE LRC-wPBEQO PL8I
P\%En(gr VWN SIE;? BP86 Purists like fo use exact conditions of
LC-wPBER, 395 o5 RPA quantum  mechanics to  derive  the
ae%g?ngc MS Pz 8" TPSS™%BJ06 parameters  jn  their  approximate
E”“EDA}MQS? Nk Bngi,pga"’Bg" functionals, and so claim fto be non-
G996 empirical

KT3 VWNI

J. Chem, Phys, 136, 150901 (2012) .
‘ «Pragmatists  have allowed one or two

parameters fo be fit fo specific systems,
such as in B88 for exchange and LYP for
correlation.

Progressive
functional

PFX
OPC

Semiempirical functional
0, V p ,E}F,

By fifting, one wusually finds higher
accuracy 1or systems similar fo those fitted,
but  greater inaccuracies far  away.

GGA[p, V 0]

BE&8X, LYPC, PW3I1XC,
PBEXC, revPBEXC, etc.

LDA[p]
DX, VWNC,
; etc. /

B97XC, HCTHXC,
B97 & Mx series, etg

[o. V.1
LapC,

VSI8XC,
PKZBXC,
WTPSSXC, etc.

B3LYPXC,
PBEOXC,

Jo. Chem. Phys. 136, 150901 (2012)
HSEXC, etc. |

Takao Touneda
Density

Functional
Theory in
Quantum
Chemistry




Strategies fo approximate the Exc: the HEG
(High density limit)

A K2
E(k) = —

2m
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Strategies fo approximate the Exc: the HEG
(Low density limit)

VoLUME 45, NUMBER 7 FPHYSICAL REVIEW LETTERS 18 AuGust 1980

Ground State of the Electron Gas by a Stochastic Method
D, M. Ceperley
HE G H E G National Resource for Computation in Chemisiry, Lawrence Bevkeley Laboratory, Bevkeley, Califoraia 24720
n] +e. 7]
B. J. Alder

Lawvence Livermowre Labovatowy, Univevsily of California, Livermove, Californiz 94550
(Received 16 April 1980)

A r—
5 i
¥ !
;-g —0.05 f —_— FRG-DFT (2nd-order vertex expansion)
S -= Gell-Mann—Brueckner resummation
—0.06 a DMC [Ceperley, Alder 1980] .
007 F + DMC [Zong, Lin, Ceperley 2002) ]
| DMC [Spink, Needs, Drummond 2013]
—0.08 : : : :
0 20 40 60 80 100

Wigner-Seitz radius rg (a.u.)

There are several expressions for the correlation energy which have been obtained by
fitting fo the results of accurate QMC calculations of the HEG. These expressions are
rather complicated and they are usually refereed to by their abbreviations such as VWN,
VWN5, CAPZ, and others.



The Local Density Approximation




The Local Density Approximation (atoms)

Reviews of Modern Physics 1, 684 (1984)
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Clearly — arguments based on  small
departures from homogeneity cannot be
applied.

Both the HF and the LSDA methods lead to
departures from experiment that are much
greater than would be acceptable

/d?”lnxc(f’l,f’g — 77) = —1

00



The Local Density Approximation (solids)

0 E cohesive
1

Cohesion is well described

= EBulk - Elsolated atom

Trends in the lattice constants are
described very well. In the case of the
alkalis, the LSD calculations underestimate
the bond lengths by a small amount

[] Alkali metals [] Halogens

[7 Alkaline-earth metals [_| Noble gases Carbon Family .
[] Transition metals [} Rare-earth elements (21, 39, 57-71)

[ Other metais and lanthanoid elements (57-71 only) L

M 14/ m w7 Me
A

71 Other nonmetals [7] Actinoid elements

—
=

. metals

Alkaline earth

Alkali metals

‘Group 3-12
Transition metals

O
~

Lattice constants and bulk moduli
are given remarkably well

cohesive energies are
overestimated by up fo 1.0 el




The Local Density Approximation (failure)

PRL 101, 133002 (2008) PHYSICAL REVIEW LETTERS

week ending
26 SEPTEMBER 2008

Optical Saturation Driven by Exciton Confinement in Molecular Chains:
A Time-Dependent Density-Functional Theory Approach

Daniele Varsano

National Center on nanoStructures and Biosystems at Surfaces (S3) of INFM-CNR
and European Theoretical Spectroscopy Facility (ETSF), Via Campi 231/A, 41100 Modena, Italy

Andrea Marini
European Theoretical Spectroscopy Facility (ETSF), CNR-INFM Institute for Statistical Mechanics and Complexity, CNISM
and Dipartimento di Fisica, Universitd di Roma “Tor Vergata,” via della Ricerca Scientifica 1, 00133 Roma, Italy

Angel Rubio
Nano-Bio Spectroscopy Group and Unidad de Fisica de Materiales Centro Mixto CSIC-UPYV,
Universidad del Pai's Vasco UPV/EHU and European Theoretical Spectroscopy Facility (ETSF),
Edifio Korta, Avenida de Tolosa 72, 20018 Donostia, Spain
(Received 10 October 2007; published 24 September 2008)
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) Excitations

LDA fails  dramatically  in

describing electronic localization
due fto correlation.



Self-Interaction Error

S/ is an important source of error in LDA/GGA. Sl /s caused by the approximate treatment of
This can lead fo qualitatively wrong results exchange

! ) Only one electron - No CORRELATION

As Hartree (Exact) and Exchange (HEG) are
calculated difterently the electron has a residual
interaction with itself (Self-Interaction)

PHYSICAL REVIEW A 75, 032505 (2007)

PHYSICAL REVIEW B VOLUME 23, NUMBER 10 15 MAY 1981

Self-interaction in Green’s-function theory of the hydrogen atom
Self-interaction correction to density-functional approximations for many-electron systems

J. P. Perdew . W. Nelson,"* P. Bokes,™ Patrick Rinke,”* and R. W. Godby' ™"

Department of Physics and Quantum Theory Group, Tulane University, New Orleans, Louisiana 70118

Alex Zunger
Solar Energy Research Institute, Golden, Colorado 80401 i . .
and Department of Physics, University of Colorado, Boulder, Colorado 80302 TABLE 1. Q uaSlparllclc energies (cV) for the 1s state of hy dro-

Received 31 October 1980) . . . . . . . s 4
(recel o ' gen (the ionization potential) obtained by diagonalizing the quasi-
particle Hamiltonian (1). Two GW calculations are shown, starting
from the LDA and from exact Kohn-Sham, respectively. For com-

E - _ . parison, the Hartree-Fock (HF) and LDA eigenvalues are also
sic|n] = Erpaln] E 0 P

/ ¢ Exact HF DA+GW  Exact+GW
~13.61 ~13.61 ~12.66 ~13.40

Orbital dependence




The Generalized Gradient Approximation

‘Even just the next step up Jacob'’s ladder, the GGA, has no unique form” (K. Burke)

EgyAn) = [ din(f)ese(n(r), [Vn(r)|)

ag

2
Efgg[na]:EjSDA[HJ]—ﬂZIdr n4/3 ‘;thr -1
o I+6/sinh (x5) Exchange: Becke 1988

LYP dr 13 5/3 1 V2 3
E [n]=—aj. n+bn | C.n"” =2t, +—(t, +—n)e
Lhdn g 2 Correlation: Lee-Yang-Parr 1988
PBE - h K
E "[n]l=|dre (n)| 1+ - —
1+ Br’s® 3

Perdew-Burke—rErnzefhof 1996

oL YP correlation works very well as part of B3LYP in
chemistry, but fails badly for bulk metals.

« The PBE approximation works passably well tor many
materials purposes, but can be a factor of 2 or more
worse than BL YP for dissociation energies.




LDA vs GGA: the strange case of h-BN

AM, P. Garcia—Gonzdlez, and Angel Rubio Phys, Rev, Letf, 4o, 136404 (2004)

atoms \__\-*

Van der Waalsfﬂ*
bonds

Boron (B) o

atoms

O

~

Covalent bonds

a

LDA amazingly works due to
arastic error cancellations.

GGA does not bind the layers.
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RULES

Search the lfterature for calculations on similar materials and properties (many
more properfties than just the energy can be computed from DFT). Compare your
‘candidate” functionals by searching in the publications that describe their
development for their strengths and weaknesses, especially with respect fo the

ypes of calculation you want to run.
. . T e

Run some ‘calibration” calculations where you can compare the accuracy of
possible functionals and basis sets fo decide which combination is best for

your ‘production” calculations.

Check, check and check again the lfteraturel Computational simulations of
materials consume a lot of computer time. It is a great disappointment if you
discover that the calculations you have been running for 6 months are

worthlessilt




The Many-Boaly approach

| The exchange-correlation Energy can be formally derived from
') the Hamiltonian average by using Many-Body techniques
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Different physics, difterent approaches

CRARUED &<\ maTiopn S
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e The description of many-particle systems has been an
. Transfer energies
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