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Introduction to the 
Many-Body problem (I)



Why so many bodies ?

H=∑i
h(xi , pi)+

1
2
∑i≠ j∣xi−x j∣

−1
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A (very) hard job!

〈n∣=(∣n 〉)
A= 〈n∣Â∣n 〉

+ + = X X ++

∣Ψ(t) 〉=U (t , t0)∣Ψ (t 0) 〉

Today

Friday



✔ Bra's, ket's and Bra's, ket's and 
operatorsoperators



Bra, Ket and operators (I)

“Ket” ∣n 〉

A ket represents a physical state (atomic 
configuration, Bloch level,...) and it contains ALL we 

need to know about the state

“Bra”
〈n∣=(∣n 〉)

Any observable is represented by an operator acting in 
the space of kets

Â∣n 〉=∣n' 〉

〈n∣m〉

〈n∣n〉=∣n∣

...

∑n
∣n 〉 〈n∣=1



Bra, Ket and operators (II)

A space of kets can represent a basis to represent 
any mixed state belonging to the same space

∑n
∣n 〉 〈n∣=1 Ô=∑n ,m

∣n 〉 〈n∣O∣m 〉 〈m∣



Observables and eigenstates

A=〈n∣Â∣n 〉
“Expectation 

value”

A=AnÂ∣n 〉=An∣n 〉
“Eigenstate” 

Position
Speed
Energy
Current

Polarization

Molecular Orbital
Gas of electrons
Electronic band



Schördinger and Heisenberg representations

∣Ψ(t0) 〉 Time Evolution ∣Ψ(t) 〉=U (t , t0)∣Ψ (t 0) 〉

Schördinger equation

∣Ψ s(t ) 〉=e−i Ĥ (t−t0)∣Ψ(t 0) 〉

∣ΨH (t) 〉=ei Ĥ t
∣Ψ s(t ) 〉 ÔH (t)=ei Ĥ t Ôe−i Ĥ t

U (t , t0)=e−i H (t−t0)

Time-Independent H

States
(Schördinger)

Operators
(Heisenberg)



Independent Particle Approximation

H=∑i
h(xi)

∣Ψ 〉≈∏n
∣n 〉

H=∑i
h(xi)+

1
2∑i≠ j

∣xi−x j∣
−1

ĥ∣n 〉=ϵn∣n 〉

∣n(t) 〉=eiϵn(t−t0)∣n(t 0)〉

∣Ψ(t) 〉=e
i(∑n

ϵn)(t−t0)∣Ψ(t 0) 〉

Independent-Particl
e Energy



Perturbation Methods

H=∑i
h(xi)+

λ
2∑i≠ j∣x i−x j∣

−1
=h+H '

The objective of all perturbative methods is to rewrite the fully 
interacting problem as an independent counter-part (h) corrected 

(somehow) by the interactions (H')

∣Ψ 〉≈∑m=0

∞

λm∣n(m) 〉



✔ Introduction to Introduction to 
Perurbation Methods:Perurbation Methods:

✔ The limiting case of The limiting case of 
one-particle potentialsone-particle potentials

H≈∑i
(h(xi)+δh(x i))



The two-level problem (I)

h+H '=E1
(0)∣1(0) 〉 〈1(0)∣+E2

(0)∣2(0) 〉 〈2(0)∣+V (∣1(0) 〉 〈2(0)∣+∣2(0) 〉 〈1(0)∣)

We want to find the states ∣n 〉 such that:

The problem can be solved by direct diagonalization of 
the matrix

(E1
(0) V

V E2
(0))

E1 /2=
E1

(0)
+E2

(0)

2
±√ E1

(0)
−E2

(0)

4
+V 2

h+H '=E1∣1 〉 〈1∣+E2∣2 〉 〈2∣



The two-level problem (I)

H (λ)=h+λ H ' E1 /2(λ)=
E1

(0)
+E2

(0)

2
±√ E1

(0)
−E2

(0)

4
+V (λ)

2

λV 2
≪∣E1

(0)
−E2

(0)
∣

E1 /2(λ)=E1 /2
(0)

±
(V λ)2

E1
(0)
−E2

(0)
+O(λ

4
)

The question is: is it possible to obtain this power 
expansion without solving the full problem? 



Static Perturbation Theory(I)

Now the PT is easily introduced by the following set of 
definitions

h+λ H '=∑n
En

(0)∣n(0) 〉 〈n(0)∣+∑n ,m
λ H 'n ,m∣n

(0) 〉 〈m(0)∣

(h+λH ' )∣n(λ)〉 〈n (λ)∣=En(λ)∣n (λ)〉 〈n(λ)∣

∣n 〉λ=∑m=0

∞

λ
m
∣n(m) 〉

En(λ)−E(0)
=∑m=0

∞

λ
m
Δ En

(m)

∣n (λ) 〉≈∣n(0) 〉+∑k≠n

H kn
'

En
(0)−Ek

(0)
+ ...

En(λ)≈En
(0)
+λH nn

'
+∑k≠m

λ
2 ∣H nk

' ∣2

En
(0)−Ek

(0 )
+...



Static Perturbation Theory(II)

En(λ)≈En
(0)
+λH nn

'
+∑k≠m

λ
2 ∣H nk

' ∣2

En
(0)−Ek

(0)+...

h+H '=E1
(0)∣1(0) 〉 〈1(0)∣+E2

(0)∣2(0) 〉 〈2(0)∣+V (∣1(0) 〉 〈2(0)∣+∣2(0) 〉 〈1(0)∣)

0

V 2

E1 /2(λ)=E1 /2
(0)

±
(V λ)2

E1
(0)
−E2

(0)+O(λ
4
)

By using PT I can find again the first order in the 
perturbative expansion of the exact solution 



Static Perturbation Theory (III): The Zeeman Effect

En(λ)≈En
(0)
+λH nn

'

H '

Static Electric Field
Static Magnetic Field
Stress
...

H '=−μ⃗⋅B⃗

μ⃗=−μBg J⃗



✔ Time-Dependent Time-Dependent 
Perturbation TheoryPerturbation Theory



Time-Dependent Perturbation Theory (I)

H ' (t)∝ r⃗⋅E⃗ (t )



Time-Dependent Perturbation Theory (II)

h+λ H ' (t )=∑n
En

(0)∣n(0) 〉 〈n(0)∣+∑n,m
H 'n ,m(t )∣n

(0) 〉 〈m(0)∣

Interaction 
Representation

∣nI (t )〉=eiht∣n 〉 O I (t )=eihtOe−iht

i∂t∣nI (t )〉=H ' I (t )∣nI (t )〉

∣nI (t )〉=∣nI (t0)〉−i∫t 0

t
d τ H I

'
(τ)∣n I( τ)〉

∣nI (t )〉=∣nI 〉−i∣n I 〉 (∫−∞

t
d τ H I

'
(τ))



Time-Dependent Perturbation Theory (III)

∣nI (t )〉=∣nI 〉−i∣n I 〉 (∫−∞

t
d τ H I

'
(τ)) ∣nI (t )〉=∑m

Cnm(t )∣m 〉

And now we expand again in powers of H'

Cnm (t )=δnm−i∑
η
∫

−∞

t
〈m∣H '

(t )∣η〉Cn η(t )

Cnm (t )=δnm−i∑
η
∫

−∞

t
ei (Eη

(0)
−Em

(0)
) t 〈m∣H '∣η〉Cnη(t )

〈m∣H I
' (t )∣η〉=ei(Eη

(0)
−Em

(0)
)t 〈m∣H '∣η〉



Time-Dependent two level problem (I)

h+H '=E1
(0)∣1(0) 〉 〈1(0)∣+E2

(0)∣2(0) 〉 〈2(0)∣+γ(eiω t∣1(0) 〉 〈2(0)∣+e−iω t∣2(0) 〉 〈1(0)∣)

∣1(t )〉=C1(t )∣1 〉+C2(t )∣2 〉

C1(0)=1

C2(0)=0

E2>E1

Boundary 
Conditions



Time-Dependent two level problem (II)

Resonant Condition

A maser (/ˈmeɪz rə /) is a device that produces coherent electromagnetic waves 
through amplification by stimulated emission. The word "maser" is derived from 
the acronym MASER: "microwave amplification by stimulated emission of radiation".

http://en.wikipedia.org/wiki/Help:IPA_for_English
http://en.wikipedia.org/wiki/Help:IPA_for_English#Key
http://en.wikipedia.org/wiki/Help:IPA_for_English#Key
http://en.wikipedia.org/wiki/Help:IPA_for_English#Key
http://en.wikipedia.org/wiki/Help:IPA_for_English#Key
http://en.wikipedia.org/wiki/Help:IPA_for_English#Key
http://en.wikipedia.org/wiki/Help:IPA_for_English
http://en.wikipedia.org/wiki/Coherence_%28physics%29
http://en.wikipedia.org/wiki/Electromagnetic_waves
http://en.wikipedia.org/wiki/Stimulated_emission
http://en.wikipedia.org/wiki/Optical_amplification
http://en.wikipedia.org/wiki/Radiation


Time-Dependent two level problem (III)

Resonant Condition



✔ REAL many body interactions and REAL many body interactions and 
FICTITIOUS quasi-particlesFICTITIOUS quasi-particles



Perturbation Theory for Many-Body Systems

H=∑i
h(xi)

∣Ψ 〉≈∏n
∣n 〉

H=∑i
h(xi)+

1
2∑i≠ j

∣xi−x j∣
−1

H=∑i
(h(xi)+δh(xi))

∣Ψ 〉≈∏n
∣nqp 〉

H=∑i
h(xi)+

1
2∑i≠ j

∣xi−x j∣
−1



✔ Hartree-FockHartree-Fock



Hartree-Fock (I)

H=∑i
h(xi)+

1
2∑i≠ j

∣xi−x j∣
−1

∣Ψ 〉≈∏n
∣n 〉=∣Φ0 〉 〈 x1 ... xN∣Φ0 〉≈∑Permutations

(−1)P∏n 〈x i∣n 〉

EΨ= 〈Ψ∣H∣Ψ 〉≈EΦ+ 〈Φ∣H '∣Φ 〉

H '

χn(xi)

En(λ)≈En
(0)
+λH nn

'
+∑k≠m

λ
2 ∣H nk

' ∣2

En
(0)−Ek

(0)
+...



Hartree-Fock (II)

EΨ≈∑n
(ϵn+δϵN

HF
)

EΨ= 〈Ψ∣H∣Ψ 〉≈EΦ+ 〈Φ∣H '∣Φ 〉

δϵi
HF
≡∑ j≠i ( 〈χi∣J j(x)∣χi 〉−〈χi∣K j(x)∣χi 〉 )



Hartree-Fock via Variational Methods (I)

If we concentrate on the fully interacting ground-state an 
approach alternative to perturbation theory is via variational 

minimization of the total Energy

H=∑i
h(xi)+

1
2∑i≠ j

∣xi−x j∣
−1

The idea is to define a set of single-particle states such 
that the expectation value of H is minimal

〈 x1 ... xN∣Φ0 〉≈∑Permutations
(−1)P 〈 xi∣n 〉

EHF≡ 〈Φ0∣H∣Φ0 〉



Hartree-Fock via Variational Methods (I)

H=∑i
(h(xi)+δhHF (xi))



H=∑i
(h(xi)+δhHF (xi))

= +

Hartree Fock...



Hartree Fock lacks of CORRELATION

= + +
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